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q Abstract 

Homogenized laws for sequences of high-contrast two-phase non-symmetric conductivities per- 
turbed by a parameter h are derived in two and three dimensions. The parameter h characterizes 
the antisymmetric part of the conductivity for an idealized model of a conductor in the presence 
y—i of a magnetic field. In dimension two an extension of the Dykhne transformation to non-periodic 

high conductivities permits to prove that the homogenized conductivity depends on h through 
some homogenized matrix-valued function obtained in the absence of a magnetic field. This 
result is improved in the periodic framework thanks to an alternative approach, and illustrated 
by a cross-like thin structure. Using other tools, a fiber-reinforced medium in dimension three 
i-^h provides a quite different homogenized conductivity. 

Keywords: homogenization, high-contrast conductivity, magneto-transport, strong field, two-phase 
composites. 
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^ 1 Introduction 

The mathematical theory of homogenization for second-order elliptic partial differential equations 
has been widely studied since the pioneer works of Spagnolo on G-convergence [40], of Murat, Tartar 
on ^-convergence [37, 38], and of Bensoussan, Lions, Papanicolaou on periodic structures [2], in the 
• • framework of uniformly bounded (both from below and above) sequences of conductivity matrix- 
. valued functions. It is also known since the end of the seventies [24, 31] (see also the extensions 

[1, 22, 11, 32]) that the homogenization of the sequence of conductivity problems, in a bounded open 
set Q, of R 3 , 

div (a n Vu n ) = f intt 



u n = on <9$7, 

with a uniform boundedness from below but not from above for a n , may induce nonlocal effects. 
However, the situation is radically different in dimension two since the nature of problem (1.1) is 
shown [10, 13] to be preserved in the homogenization process provided that the sequence a n is 
uniformly bounded from below. 

H-convergence theory includes the case of non-symmetric conductivities in connection with the 
Hall effect [28] in electrodynamics (see, e.g., [33, 39]). Indeed, in the presence of a constant mag- 
netic field the conductivity matrix is modified and becomes non-symmetric. Here, we consider an 
idealized model of an isotropic conductivity c{h) depending on a parameter h which characterizes 
the antisymmetric part of the conductivity in the following way: 
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• in dimension two, 

a(h) = ah + fihJ, J := (l^) , (1.2) 
where a, f3 are scalar an h G R, 

• in dimension three, 

a(h) = al 3 + P#(h), S(h) := ( h 3 "o" ) , (1.3) 

where a, /3 are scalar and /i£l 3 . 

Since the seminal work of Bergman [3] the influence of a low magnetic field in composites has been 
studied for two-dimensional composites [34, 4, 17], and for columnar composites [7, 5, 8, 26, 27]. 
The case of a strong field, namely when the symmetric part and the antisymmetric part of the 
conductivity are of the same order, has been also investigated [6, 9]. Moreover, dimension three may 
induce anomalous homogenized Hall effects [20, 18, 19] which do not appear in dimension two [17]. 

In the context of high-contrast problems the situation is more delicate when the conductivities 
are not symmetric. An extension in dimension two of H-convergence for non-symmetric and non- 
uniformly bounded conductivities was obtained in [14] thanks to an appropriate div-curl lemma. 
More recently, the Keller, Dykhne [30, 23] two-dimensional duality principle which claims that the 
mapping 

A ^ i 1 (1-4) 

det A y ' 

is stable under homogenization, was extended to high-contrast conductivities in [16]. However, 

the homogenization of both high-contrast and non-symmetric conductivities has not been precisely 

studied in the context of the strong field magneto-transport especially in dimension three. In this 

paper we establish an effective perturbation law for a mixture of two high-contrast isotropic phases 

in the presence of a magnetic field. The two-dimensional case is performed in a general way for 

non-periodic and periodic microstructures. It is then compared to the case of a three-dimensional 

fiber-reinforced microstructure. 

In dimension two, following the modelization (1.2), consider a sequence a n {h) of isotropic two- 
phase matrix-valued conductivities perturbed by a fixed constant and defined by 

a n {h) := (1 - Xn){aih + PihJ) + Xn(a2,nh + fa,nh J), (1.5) 

where Xn is the characteristic function of phase 2, with volume fraction 6 n — > 0, a\ > 0, f3\ are 
the constants of the low conducting phase 1, and a 2t n —> 00, fii, n are re al sequences of the highly 
conducting phase 2 where is possibly unbounded. The coefficients a\ and f3\, respectively 
a2,n an d P2,n also have the same order of magnitude according to the strong field assumption. 
Assuming that the sequence O^Xn converges weakly-* in the sense of the Radon measures to a 
bounded function, and that 6 n a2, n , #n/?2,n converge respectively to constants ai > 0, $2, we prove 
(see Theorem 2.2) that the perturbed conductivity cr n (h) converges in an appropriate sense of H- 
convergence (see Definition 1.1) to the homogenized matrix- valued function 

a*{h) = al{a 1 ,a 2 + a^ 1 ^lh 2 ) + fah J, (1.6) 

for some matrix-valued function a® which depends uniquely on the microstructure Xn in the absence 
of a magnetic field, and is defined for a subsequence of n. The proof of the result is based on a 
Dykhne transformation of the type 

A n ((p n A n + qnjy 1 + r n jy\ (1.7) 

which permits to change the non-symmetric conductivity <J n (h) into a symmetric one. Then, extend- 
ing the duality principle (1.4) established in [16], we prove that transformation (1.7) is also stable 
under high-contrast conductivity homogenization. 
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In the periodic case, i.e. when a n {h){-) = S n (-/e n ) with E n Y-periodic and e n —> 0, we use an 
alternative approach based on an extension of Theorem 4.1 of [13] to e ra Y-periodic but non-symmetric 
conductivities (see Theorem 3.1). So, it turns out that the homogenized conductivity <7*(/i) is the 
limit as n — > oo of the constant H-limit (<7 n )* associated with the periodic homogenization (see, 
e.g., [2]) of the oscillating sequence E n (-/e) as e — > and for a fixed n. Finally, the Dykhne 
transformation performed by Milton [3 1] (see also [35], Chapter 4) applied to the local periodic 
conductivity S n and its effective conductivity (<r n )*, allows us to recover the perturbed homogenized 
formula (1.6). An example of a periodic cross-like thin structure provides an explicit computation 
of cr*(/i) (see Proposition 3.2). 

To make a comparison with dimension three we restrict ourselves to the e n Y-periodic fiber- 
reinforced structure introduced by Fenchenko, Khruslov [24] to derive a nonlocal effect in homog- 
enization. However, in the present context the fiber radius r n is chosen to be super-critical, i.e. 
r n — > and e^|lnr n | — > 0, in order to avoid such an effect. Similarly to (1.5) and following the 
modelization (1.3), the perturbed conductivity is defined for h G M 3 , by 

a n (h) := (l-Xn){aiIa + h£{h))+x n (a2,nh + fo,n£(h)), (1.8) 

where Xn is the characteristic function of the fibers which are parallel to the direction e$. The form 
of (1.8) ensures the rotational invariance of cr n (h) for those orthogonal transformations which leave 
h invariant. Under the same assumptions on the conductivity coefficients as in the two-dimensional 
case, with 9 n = vrr^, but using a quite different approach, the homogenized conductivity is given by 
(see Theorem 4.1) 

a m (h) = a x h + ( "HTSif ) e3 ® e3 + ( L9 ) 

The difference between formulas (1.6) and (1.9) provides a new example of gap between dimension 
two and dimension three in the high-contrast homogenization framework. As former examples of 
dimensional gap, we refer to the works [17, 20] about the 2d positivity property, versus the 3d non- 
positivity, of the effective Hall coefficient, and to the works [13, 24] concerning the 2d lack, versus 
the 3d appearance, of nonlocal effects in the homogenization process. 

The paper is organized as follows. Section 2 and 3 deal with dimension two. In Section 2 we 
study the two-dimensional general (non-periodic) case thanks to an appropriate div-curl lemma. In 
Section 3 an alternative approach is performed in the periodic framework. Finally, Section 4 is 
devoted to the three-dimensional case with the fiber-reinforced structure. 

Notations 

• ft denotes a bounded open subset of M d ; 

• Id denotes the unit matrix in W lxd , and J := (° 

• for any matrix A in M dxrf , A T denotes the transposed of the matrix A, A s denotes its symmetric 
part; 

• for h £ M 3 , £(h) denotes the antisymmetric matrix in M 3x3 defined by $(h)x := h X x, for 
x G M 3 ; 

• for any A, B £ R dxd , A < B means that for any £ G R. d , A£ ■ £ < B£ ■ £; we will use the fact 
that for any invertible matrix A G U. dxd , A > aid A" 1 < a~ l Id\ 

• I • I denotes both the euclidean norm in WL d and the subordinate norm in M dxrf ; 

• for any locally compact subset X of M d , A4(X) denotes the space of the Radon measures 
defined on X; 
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• for any a, j3 > 0, A4(a, (3; Q) is the set of the invertible matrix-valued functions A : Q, M. dxd 
such that 

V£ER d , A(x)£ ■ £ > a\£\ 2 and A^(x)^ • £ > /T 1 ^ 2 a.e. in Q; (1.10) 

• C denotes a constant which may vary from a line to another one. 

In the sequel, we will use the following extension of .ff-convergence and introduced in [16]: 

Definition 1.1 Let a n and j3 n be two sequences of positive numbers such that a n < (3 n , and let A n 
be a sequence of matrix-valued functions in A4(a n , /3 n ;£l) (see (1.10)). 

The sequence A n is said to H(Ai(Q) 2 )- converge to the matrix-valued function A* if for any 
distribution f in H~ 1 (£l), the solution u n of the problem 

div (^4 n Vti n ) = / in f2 

u n = on dQ, 



satisfies the convergences 



u n — u in Hq(Q) 

A n Vu n — ^ A*X7u weakly-* in A4(Q) 2 , 



where u is the solution of the problem 



div (A*X7u) = f in £1 

u = on d£l. 



We now give a notation for i?(.M(0) 2 )-limits of high-contrast two-phase composites. We consider 
the characteristic function Xn of the highly conducting phase, and denote oj n := {x n = 1}- 

Notation 1.1 A sequence of isotropic two-phase conductivities in the absence of a magnetic field is 
denoted by 

0"n(«l,n, «2,n) := (1 ~ Xn)oil,nh + Xn«2,n^2, (l-H) 

with 

lim ol\ n = ol\ > and lim \co n \ a<i n = ai > 0, (1-12) 

n— >oo ' n— Yoo ' 

and its H(M.(£l) 2 ) -limit is denoted by 0^(0.1,0.2)- 

2 A two-dimensional non-periodic medium 

2.1 A div-curl approach 

We extend the classical div-curl lemma. 

Lemma 2.1 Let Q be a bounded open subset ofM. 2 . Let a > 0, let a G L°°(Q) and let A n be a 
sequence of matrix-valued functions in L°°(£l) 2x2 (not necessarily symmetric) satisfying 

det A 

A n >al 2 a.e. in and j^\A%\ -± a G weakly-* in M(to). (2.1) 

det J^-yi 

Let £ n be a sequence in L 2 (Q) 2 and v n a sequence in i? 1 satisfying the following assumptions: 
(i) £n and v n satisfy the estimate 

I A^tn-tndx + WVnWni^ < C\ (2.2) 

Jn 
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(ii) £ n satisfies the classical condition 

div£ n is compact in iT -1 (f2). (2-3) 

Then, there exist £ in L 2 (Q) 2 and v in i? 1 (SI) such that the following convergences hold true up to a 
subsequence 

£n "~ 1 £ weakly-* in M.(Vl) 2 and X7v n ^X7v weakly in L 2 (SI) 2 . (2-4) 
Moreover, we have the following convergence in the distribution sense 

in • ViVi — 1 £ • Vw weakly in & (fl). 



Proof of Lemma 2.1. The proof consists in considering the "good-divergence" sequence £ n as a 
sum of a compact sequence of gradients Vu n and a sequence of divergence-free functions JVz n . We 
then use Lemma 3.1 of [16] to obtain the strong convergence of z n in L 2 oc (f2). Finally, replacing £ n 
by Vtt n + JVz n , we conclude owing to integration by parts. 



First step: Proof of convergences (2.4). 
An easy computation gives 



a: 



-l\s 



det An 
detA* n ' 



(2.5) 



The sequence £ n is bounded in L 1 (S7) 2 since the Cauchy-Schwarz inequality combined with the 
weak-* convergence of (2.1), (2.2) and (2.5) yields 



|£n| dx 



< 



(4 



dx f {A~ 1 ) S t n -t n dx= f ^^Kl dx f A-\ n ^ n dx<C. 



Therefore, £ n converges up to a subsequence to some £ £ A4(S1) 2 in the weak-* sense of the measures. 
Let us prove that the vector- valued measure £ is actually in L 2 (Q) 2 . Again by the Cauchy-Schwarz 
inequality combined with (2.1), (2.2) and (2.5) we have, for any $ 6 ^(Q) 2 , 



£(dx) • $ 



lim 

n— >oo 



in ■ $ dx 



<l imSUp f / ^4^|^||$|2 dx V " 



An^n-Cn dx <C[ a|$| 2 dx ) , 

n J \Jn 



which implies that £ is absolutely continuous with respect to the Lebesgue measure. Since a £ L°°(£l), 
we also get that 



£ • $ dx 



< ll$l 



hence £ E L 2 (Q) 2 . Therefore, the first convergence of (2.4) holds true with its limit in L 2 (n) 2 . The 
second one is immediate. 

Second step: Introduction of a stream function. 

By (2.3), the sequence u n in Hq(Q) defined by u n : = A -1 (div £ n ) strongly converges in Hq(Q,): 

u n — >u mH^(tt). (2.6) 

Let w be a regular simply connected open set such that wCC !1. Since by definition £ n — Vit n is a 
divergence-free function in L 2 (Q) 2 , there exists (see, e.g., [25]) a unique stream function z n £ H 1 (uj) 
with zero w-average such that 



£ n = Vu n + JV ' z n a.e. in u. 



(2.7) 
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Third step: Converg ence of the stream function z n . 

Since Vu n is bounded in L 2 (Q) 2 by the second step, £ n is bounded in L 1 (J7) 2 by the first step 
and z n has a zero w-average, the Sobolev embedding of TV 1,1 (a;) into L 2 (u) combined with the 
Poincare-Wirtinger inequality in u implies that z n is bounded in L 2 (lo) and thus converges, up to a 
subsequence still denoted by n, to a function z in I?{uS). 
Moreover, let us define 

s n -.= [j-\A- l yjy l . 

The Cauchy-Schwarz inequality gives 

I S'Wzn ■ Vz n dx= I J-^A^yjVzn ■ Vz n dx 

J UJ J UJ 

= I (A^yjVZn ■ JVz n dx 
J ui 

= [ (A" 1 ) 3 [£ n - Vu n ] • [Cn - Vu n ) dx 

J ui 

< 2 [ (A- 1 ) 3 ^ ■ Cn dx + 2 ! (A^YVun ■ Vu n dx 

J UJ J UJ 



2 / A-^ n • e„ dx + 2 / A^VUn ■ Vu n dx. 

J UJ Jul 



The first term is bounded by (2.2) and the last term by the inequality A" 1 < q _1 /2 and the 

convergence (2.6). Therefore, the sequences v n := z n and, by (2.14), S n satisfy all the assumptions 
of Lemma 3.1 of [16] since, by (2.5), 

_ det A n x 
n ~detA* n 

Then, we obtain the convergence 

z n — > z strongly in Li oc (cu). (2.8) 
Moreover, the convergence (2.6) gives 

^ = V« + JVz in @'(u)). (2.9) 



Fourth step: Integration by parts and conclusion. 
We have, as JVv n is a divergence-free function, 

£n • Vv n = (Vu n + JVz n ) ■ Vv n = Vu„ • Vv n - div (z n JVv n ) . (2.10) 

The strong convergence of Vu n in (2.6), the second weak convergence of (2.4) justified in the first 
step and (2.8) give 

Vu n • Vv n - div (z n JVv n ) — >> Vu • Vv - div (z JVv) in 3>'{uS). (2.11) 

We conclude, by combining this convergence with (2.10), (2.9) and integrating by parts, to the 
convergence 

in ■ Vu n — ^Vu-Vv - div (zJVv) = (Vu + JVz) • Vv = £ • Vv weakly in $i'{uS). 
for an arbitrary open subset oj of £1. □ 

For the reader's convenience, we first recall in Theorem 2.1 below the main result of [16] con- 
cerning the Keller duality for high contrast conductivities. Then, Proposition 2.1 is an extension of 
this result to a more general transformation. 



Theorem 2.1 ([ ]) Let Q be a bounded open subset of M? such that \dQ\ = 0. Let a > 0, let 

P n > n £ N be a sequence of real numbers such that (3 n > a, and let A n be a sequence of matrix- 
valued functions (not necessarily symmetric) in Ai(a, j3 n ;Q). Assume that there exists a function 
a £ L°°(£l) such that 

d tA« ^ ~" ° weakly-* in M(Q). (2.12) 

Then, there exist a subsequence of n, still denoted by n, and a matrix-valued function A* in 
■M(a, /3',Q)> with P = 2\\a\\£oorQ\, such that 

H{M(nf) AT H{M{nf) AT , . 

A n — »■ A* and - " — »■ — -V . (2.13 

detA„ detA» v ' 



Proposition 2.1 Let Q be a bounded open subset of M. 2 such that \dQ\ = 0. Let p n , q n and r n , 

n £ N be sequences of real numbers converging respectively to p > 0, q and 0. Let a > 0, let (3 n , 
n £ N be a sequence of real numbers such that j3 n > a, and let A n be a sequence of matrix-valued 
functions in M(a, f3 n ;Q) (not necessarily symmetric) satisfying 

det A 

r n A n is bounded in L°°(Q) 2x2 and - t ^ s \K\ ~* s G L°°(n) weakly-* in M(Sl), (2.14) 
and that 

B n = {(p n A n + qnJ) -1 + r n J\ is a sequence of symmetric matrices. (2.15) 

Then, there exist a subsequence of n, still denoted by n, and a matrix-valued function A* in 
Ai(a, (3;Q), with (3 = 2| \a\ such that 

H(M(Cl) 2 ) , H(.M(fi) 2 ) 

A n — >> A* and {{p n A n + q n J) + r n J) — >■ pA* + qj . (2.16) 



Remark 2.1 Proposition 2.1 completes Theorem 2.1 performed with the transformation 

A T 

A .— > = J' 1 A' 1 J, (2.17) 

det A y ! 

to other Dykhne transformations of type (see [35], Section J^.l): 

A i — ► {{pA + qJ)- 1 +rj)~ 1 = (pA + qj)((l - rq)I 2 + rpj A)' 1 (2.18) 

Remark 2.2 The convergence of r n to r = is not necessary but sufficient for our purpose. If 
r^O, the different convergences are conserved but lead us to the expression 

pA* +qJ = B*((l - qr)I 2 +p rJA*). (2.19) 

Proof of Proposition 2.1. The proof is divided into two steps. In the first step, we use Lemma 
2.1 to show the .ff (.M(r2) 2 )-convergence of A n : = p n A n + q n J to pA* + qj. In the second step, we 
build a matrix Q n which will be used as a corrector for B n and then use again Lemma 2.1. 

First step: A* = pA* + qj. 

First of all, thanks to Theorem 2.2 [16], we already know that, up to a subsequence still denoted 
by n, A n H(A4 (S7) 2 )-converges to A*. We consider a corrector P n associated with A n in the sense 
of Murat-Tartar (see, e.g., [38]), such that, for A £ M 2 , P n \ = X7w^ is defined by 

( div(A n Vw^) = div(A*V(A • x)) in O 

I A \ ^ {2.20) 

\ w„ = A • x on oil 
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Again with Theorem 2.2 of [16] and Definition 1.1, we know that P n X converges weakly in L 2 {0) 2 
to A and A n P n X converges weakly-* in A4(Q) to A* X. 
Since, for any A,/i £ M 2 , 



«I|V<||£ W < [ A l V<-V<dx = f ^,M-V<dr<2||o|| £ ao ( n)H |ft| 1/2 ||V<|| L 2 
Jn Jn 



[ay 



and 



/ A^AnVw* ■ A n Vw* dx = A n Vw^ ■ Vio* dx, 
Jn Jn 



the sequences £ n := A n Vw^ and v n := w£ satisfy (2.2) and (2.3). This combined with (2.14) implies 
that we can apply Lemma 2.1 to obtain 

VA ;/ uGM, A n P n X-P n fi —^A*\-fj, in (2.21) 

We denote A n := p n A n + q n J and consider S n such that S n J := A n — A n . Then, the matrix A n 
satisfies 

A n i-i=p n A n i-i>p n a\i\ 2 . (2.22) 

Moreover, 

det A n = pi det A s n + (p n 5 n + q n ) 2 < p£(det A s n + 25 2 n ) + 2q 2 n < 2p 2 n det A n + 2q 2 n <C det A n , 
the last inequality being a consequence of A n > al2- This inequality gives, by (2.14), 

det A n ~ _ det An det An 

detA n lAJ ~ PldetA n pM * °detA n ^ * C ' (2 ' 23) 

Then by (2.22), (2.23) and [16] again, up to a subsequence still denoted by n, A n H(Ai(Q) 2 )- 
converges to A* and we have, by the classical div-curl lemma of [38] for JP n X ■ P n fi and (2.21), 

@'[a) 

V A, \x G R, (p n A n + q n J)P n \ ■ Pnii = p n A n P n X ■ P n \i + g„JP„A • P n \i — ^ pA*X ■ /i + qJX ■ fi, 
that can be rewritten 

A* = pA* + q J. 

Second step: = A*. 

Let 6 G ^(Q) and P n a corrector associated with A n , such that, for A G M 2 , P n X = Vw^ is 
defined by 

[ div(A n Vw%) = div(Xv(0A • x)) in 



u;^ = on <9$7. 



By Definition 1.1, we have 



#A • x weakly in Hq(Q), 



{ A n Vw^ — >■ A*V(6\ ■ x) weakly-* in M(n) 2 . 
Let us now consider B n = (A' 1 + r n J) 1 . B n is symmetric and so is its inverse : 

B n 1 = A n l + r n J = (A n 1 + r n J) s = (A n 1 ) s . 
We then have, by a little computation (like in (2.5)) and (2.23), 



(2.24) 



(2.25) 



det gn iH'l - |R 
det^" 1 " 1 ^ 



^ 1 )"" J 



^K|<C7. (2.26) 
det At 
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For any £ G M 2 , the sequence v n := (/ + r n JA n ) x £ satisfies, by (2.14), 

|£| < ( 1 + ||r n i n || LOO(n)2 x2 \u n \ < (l +p n ||r n ^ n || L oo (n) 2x2 + q n r n ) \u n \ < (1 + C)|z/ n | 



hence 

= J4 n i/ n -(J+r n JA n )^ n = A n v n -v n = p n A n v n -v n > p n a\v n \ 2 > a Pn |g| 2 > C|£| 2 (2.27) 

(1 + 

with C > 0. Therefore, with (2.27) and (2.26), again by Theorem 2.2 of [ ], up to a subsequence 
still denoted by n, B n (.A/f (Sl) 2 )-converges to B*. 

Let ^ G ^(Q) and i? n be a corrector associated to B ni such that, for \x G M 2 , R n p = V-Un is 
defined by 

f div (B n Vv%) = div(5*V(V>A« • x)) in 
[ Vn = on <90. 

By Definition 1.1, we have the convergences 



(2.28) 



(2.29) 



f — ^ipfj,-x weakly in Hq(Q,), 

\ B n Vv% — ^ B^V{ip/j, ■ x) weakly-* in M{9) 2 . 

Let us define the matrix Q n := (I + r n JA n )P n - We have 

B n Q n = (A- 1 + r n J)-\l + r n JA n )P n = {A- 1 + r n J)~\A? + r n J)A n P n = A n P n - (2.30) 

We are going to pass to the limit in 3>'{£l) the equality given by (2.30) and the symmetry of B„: 

A n P n X • Rnii = B n Q n \ ■ R n /J- = QnA • B n R n ii. (2-31) 

On the one hand, A n satisfies (2.1) by (2.22) and (2.23). The sequences £ n := A n P n X and v n := Vn 
satisfy the hypothesis (2.3) by (2.24) and (2.2) because 

/ {A n )~ l £,n ■ dx + |K||#i(fi) = / A n P n X ■ P n \ dx + |K|| H i(f}) dx <C 

by (2.24) and the convergences (2.29) and (2.25). The application of Lemma 2.1, (2.25) and (2.29) 
give the convergence 

A n P n X • RnV — »■ A*V(6\ • x) ■ V(ipn • x) (2.32) 

On the other hand, we have the equality 

Q n X ■ B n R n H = BnRnV • P n X + B n R n [i- ■ r n JA n P n . (2.33) 

The matrix B n satisfies (2.1) by (2.27) and (2.26). The sequences £ n := B n R n ^ and v n '■= satisfy 
the hypothesis (2.3) by (2.28) and (2.2) of Lemma 2.1 because 

j [En)" 1 £n ■ in dx + |K||ifi(fi) = J B n R n ^ • RnH dx + 11^11^1(0) dx <C 

by (2.28) and the convergences (2.25) and (2.29). The application of Lemma 2.1, (2.25) and (2.29) 
give the convergence 

BnRnii ■ -P n A — 5*V(^/x ■ x) • V(6»A • x) in9'(n). (2.34) 
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The convergence of the right part of (2.33) is more delicate. The demonstration is the same as 
for Lemma 2.1. Let w be a simply connected open subset of f2 such as w CC f2. The function 
A n P n X — A*\7(9\ • x) is divergence-free and we can introduce a function z^ such as 

A n P n X = I*V(0A • x) + JVa* (2.35) 
z^ — > strongly in Lf oc (cj). (2.36) 

The equality 

B n R n n ■ r n JA n P n X = r n B n R n fi ■ JA*V(#A ■ x) - r n B n R n fi ■ Vz* 

= r n B n Rnfi ■ ji*V(#A ■ x) - r n div(z*B n R n fi) + r n z^ div(B*V(9\ ■ x)) 

leads us, by (2.29), (2.36) and the convergence to of r n , like in the demonstration of Lemma 2.1, 
to 

B n R ni i ■ r n JA n P n in (2.37) 

Finally, by combining (2.31), (2.32), (2.34) and (2.37), we obtain, for any simply connected open 
subset w of such as oj CC O, 

A*V{9\ • x) • V(ipn ■ x) = £*V(V>/i • x) ■ V{9\ ■ x) in 

We conclude, by taking 9=1 and iff = 1 on lj and taking into account that B* is symmetric and cj, 
A, [i are arbitrary, that: 

B* = A* = pA* + q J. 

□ 

2.2 An application to isotropic two-phase media 

In this section, we study the homogenization of a two-phase isotropic medium with high contrast 
and non-necessarily symmetric conductivities. The study of the symmetric case in Proposition 2.2 
permits to obtain Theorem 2.2 by applying the transformation of Proposition 2.1. We use Notation 
1.1. 

Proposition 2.2 Let Q be a bounded open subset of M 2 such that \dtt\ = 0. Let ui n , n in N ; be a 
sequence of open subsets ofVt with characteristic function Xn, satisfying 9 n : = \cj n \ < 1, 9 n converges 
to 0, and 

^ — >> a £ L°°(n) weakly-* in M(Q). (2.38) 
9 n 

We assume that there exists a±,a2 > and two positive sequences a\ n , a<i,n > ao > verifying 

lim a.\ n = ol\ and lim 9 n ot2 n = &2, (2.39) 
and that the conductivity takes the form 

C°( a l,n> a 2,n) = (1 - Xn)Otl t nh + Xn^nh- 

Then, there exists a subsequence of n, still denoted by n, and a locally Lipschitz function 

<r° : (0,oo) 2 ^M(a , 2||a|| 00 ;Q) 

such that 

H(M(n) 2 ) 

V(ai,a 2 ) G (0,oo) , <J n (a 1>n , a 2) „) — v cr*(ai, a 2 ). (2.40) 
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Proof of Proposition 2.2. The proof is divided into two parts. We first prove the theorem for 
&x,n = oci, «2,n = S~ 1 a2, and then treat the general case. 

First step: The case ol\ n = ax, a2, n = 0~ l a.2- 

In this step we denote <t^(oj) := <7°(ai, 6~ l a2), for a = (ai, CK2) G (0, oo) 2 . Theorem 2.2 of [16] implies 

that for any a G (0, oo) 2 , there exists a subsequence of n such that cr®(a) _£f(.M(Sl) 2 )-converges in 
the sense of Definition 1.1 to some matrix-valued function in A4(ao, 2\\a\ joe,; fi). 

By a diagonal extraction, there exists a subsequence of n, still denoted by n, such that 

Vq G Q 2 n (0, oo) 2 , a° n {a) — <r°(a). (2.41) 

We are going to show that this convergence is true any pair a G (0, oo) 2 . 
We have, by (2.38), for any a G Q 2 n (0,oo) 2 , 

|a£(a)| = (1- X „)ai + Xn? — " «i + a 2 a G L°° (O) weakly-* in M(Sl) (2.42) 

and, since 6 n G (0, 1), 

V^GM 2 , al{a)Z-i = a l {l- X nM 2 + Xn°^\{i\ 2 > min^, a 2 )|£| 2 a.e. in (2.43) 

By applying Theorem 2.2 of [16] with (2.42), we have the inequality 

k*(a)A| < 2|A| (ax + a 2 \\a\\ 00 ) . (2.44) 
For any a G Q 2 fl (0, oo) 2 and A G K 2 , consider the corrector Wn' X associated with cr^(a) defined 

by 

' div (a°(a)V«C A ) = div(<r°(a)A) in ft, 



Wn ,X = A • x on cJfi, 



(2.45) 



which depends linearly on A. 

Let a G Q 2 fl (0, oo) 2 . Let us show that the energies 



f cx°(a)V<' A • V<' A dx (2.46) 
Jn 

are bounded. We have, by (2.45), (2.44) and the Cauchy-Schwarz inequality 

f <r°(a)V<' A • V<- A dx 
Jn 

a°(a)\ ■ (V<' A - A) dx + / a°(a)V<' A • A dx 



/ o-°(a)A-V<' A dx- f <r°(a)A-A dx + / (j°(a)V<' A • A dx 

./n s v ' Jn 



>o 

which leads us to 



f cr°(a)V<' A • V<' A dx < / |cr°(a)A- V<' A | dx + f |cr°(a)V<' A • A| dx. (2.47) 
Jn Jn Jn 

On the one hand, the Cauchy-Schwarz inequality gives 

|<r°(a)V<' A • A| dx] < |A| 2 f \a°(a)\ dx f <j°(a)V<' A ■ V<' A dx 
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that is 

(/ |(j°(a)V<' A • A| dx J < |A| 2 |a| / <r°(a)V<' A • V<' A dx. (2.48) 
\./n / Jn 

On the other hand, by (2.43) and the Cauchy-Schwarz inequality, we have 



f k°(a)A- V<- A | dx < 2|A|(ai +a 2 ||a||oo)W ( |V?C A | 2 dx 
Jn V 



that is 



< 2|A|(ai + a2\\a\\oo)\ — + —\ [ a®(a)Vw%' X ■ Vwn' X dx 
\l a± a 2 \j Jn 

f |a°(a)A • V<' A | dx < C |A| 2 \ a \J— + —J f cr°(a)VrC A • Vt^' A dx (2.49) 
Jn " V ai «2 y Jn 

where C does not depend on n nor a. 

By combining (2.47), (2.48) and (2.49), we have 

/ a°(a)V<' A • V<' A dx < C |A| 2 ( \a\ + M^ai" 1 + c^T 1 ) ) (2.50) 
in v ' 

=:M(a) 

where C does not depend on n nor a. 

Let a' G <Q> 2 n (0, oo) 2 . The sequences £ n := er°(a)ViUn' and u n := ' satisfy the assumptions 
(2.2) and (2.3) of Lemma 2.1. By symmetry, we have the convergences 



a»(a)V<' A • Vwn' X — » a°(a)A • A weakly in ^(fi), 
(7°(a')Vw;°'' A • Vu7n' A — " <r°(a')A • A weakly in 



(2.51) 



As the matrices are symmetric, we have 

(a° n (a) - a° n (a')) V<' A ■ V<'> A = a° n (a)Vw% X ■ V<'' A - ^(a')V<' A • V<>\ 

hence 

(a°(a) - o-°(a')) V<' A • V<'' A — -» (<r°(a) - <7°(a')) A • A weakly in ^'(O). (2.52) 
Let A € M 2 . We have, by the Cauchy-Schwarz inequality, with the Einstein convention 

\{a° n (a) - a° n (a'))Vw^ x -Vw^ x \ dx 

! \ai - «i| |V<' A • V<'- A | dx + i \a 2 - a' 2 \ |V<' A • V<'' A | dx 
Jn\uj 



<|ai-«iJ/ |V<' A | 2 dx . / / |V^'' A | 2 dx 
y J n\w n y J n\u n 

+ \a 2 -a' 2 \Jl |V<' A | 2 dx |V^'' A | 2 dx 



a',X v-7 a', A j 

ax. 



<|Qi-a-L/— / cr°(a)Vw;"' A • Vit;n' A dx i / — r / cr°(a)Vu;." ' A • Vm 
\l &i Jn y "i Jn 

This combined with (2.50) yields 



- ^(«'))V<' A • V<' A | < C|A| 2 '"L-^IL M(a) M(a') 
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The sequence of (2.52) is thus bounded in L 1 (Q) 2 which implies that (2.52) holds weakly-* in 
Hence, we get, for any <p £ ^(0), that 



IKV) - ^°(«0) a • a| ip dx <c |a| 2 m(«) m(«o IMU- (2.53) 

Then, the Riesz representation theorem implies that 

\\aUa) - <x°(«')|L W x 2 < C M ^ 

Therefore, by the definition of M in (2.50), for any compact subset K C (0, oo) 2 , 

3C>0, Va,a'eQ 2 n K, \ \a°(a) - a°(o/)\ \ Ll(n)2x2 < C \a - a'\. (2.54) 
This estimate permits to extend the definition (2.41) of cr° on (0, oo) 2 by 

Vae(0,oo) 2 , <t°(q)= lim a°(a') strongly in L 1 ^) 2 * 2 . (2.55) 

a'— >a 
a'GQ 2 n(0,oo) 2 



Let a £ (0,oo) 2 . Theorem 2.2 of [16] implies that there exists a subsequence of n, denoted by 
n', and a matrix-valued function a* £ Ai(ao, 2||a||oo; 0) such that 

H(M(n) 2 ) _ 

Cn'( Q ) — v a *- (2.56) 

Repeating the arguments leading to (2.54), for any positive sequence of rational pair {a q ) q ^ con- 
verging to a, we have 

3C>0, ||3f*-<72(a*)|| L i (n) 2x2 <C \a-a q \, (2.57) 

hence, by (2.55), a* = a® (a). Therefore by the uniqueness of the limit in (2.56), we obtain for the 
whole sequence satisfying (2.41) 

„ H(M(n) 2 ) 
VaG(0,oo) 2 , a n (a) — -» <r°(a). (2.58) 

In particular, the function cr° satisfies (2.54) and (2.55), i.e. a® is a locally Lipschitz function on 
(0,oo) 2 . 

Second step: The general case. 

We denote a n = (ai,n, °^2,n) an d <7^(a n ) = cr°(ai )n , ot2,n)- Theorem 2.2 of [16] implies that there 
exists a subsequence of n, denoted by n' , such that <r°, (a n ) .ff (.A/f (r2) 2 )-converges to some 
tx* £ A4(ao, 2| |a| loo ; O) in the sense of Definition 1.1. 

As in the first step, for any a n ' £ (0, oo) 2 and A £ M 2 , we can consider the corrector w", ' A 
associated with cr°, (a n ') defined by 



div[a° n/ {a n ')Vw^ > X ) = div(5*A) in Q, 



(2.59) 



,A = A • x on dQ, 



which depends linearly on A. Proceeding as in the first step, we obtain like in (2.52), with a = (a\, OL2) 
the limit of a n according to (2.39), 

(<r°,(a) - <i°,(a n ')) Vw"f' X ■ Vw"; X — » (a°Ja) - a,) A • A weakly in (2.60) 
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0. 

n'—too 



Moreover, by the energy bound (2.50), which also holds for a n ' , we have, for any ip £ @(P>), 

(a° n ,(a) - a° n ,(a n ')) Vw^ ' X • V<; A <p dx - 

\ / n'- 

This combined with (2.60), yields 

(<t° (a) — a*) A • A ip dx = 0, 
which implies that a® (a) = a*. We conclude by a uniqueness argument. □ 



n 



We can now obtain a result for (perturbed) non-symmetric conductivities. Then, we will use 
a Dykhne transformation to recover the symmetric case following the Milton approach [35] (pp. 
61-65). This will allow us to apply Proposition 2.2. 

Theorem 2.2 Let f2 be a bounded open subset o/R 2 such that \dfl\ = 0. Let ui n , n £ N, be a sequence 
of open subsets of £1 and denote by \n their characteristic function. We assume that 6 n = \u n \ < 1 
converges to and 

^ — - a € L°°(ft) weakly-* m M(Q). (2.61) 
Consider the conductivity defined by 

a n (h) = (l- X n)o-i(h) + ^a 2 (h) (2.62) 

where for j = 1,2, <Tj(h) = ay + hfijj G M 2x2 with a\, a 2 > anci (/3i, /3 2 ) / (0, 0). 
Then, there exists a subsequence of n, still denoted by n, and a locally Lipschitz function 

cr° : (0,oo) 2 — > M ^min(ai,Q!2),2(|c7i| + |a 2 | ||a||oo);^ 

such that 



Proof of Theorem 2.2. We have 

V£eIR 2 , ^(/iK-^ (l-Xn)ai|e| 2 + ^a 2 |e| 2 ^mi^a^aa)^! 2 a.e. in fi 

and, by (2.61), 

Wn{h)\ = (1 - X«)ki(MI + ^|cr 2 (/i)| — - \<n(h)\ + a\a 2 (h)\ G L°°(ft) weakly-* in M(fi). 

In order to make a Dykhne transformation like in p. 62 of [35], we consider two real coefficients 
a n and b n in such a way that 

B n := (a n a n (h) + b n J) (a n L 2 + Jcr n (h)) 1 = {{p n a n {h) + g^J)" 1 + r„j) 1 
is symmetric. An easy computation shows that the previous equality holds when 

aj a n b n 1 

P n '~ 2 J- h ' ^ n ' _ 2 _i_ f, a r " ' — ' 

On the one hand, the estimates (3.39) and (3.40) with a 2 ^ n = ^ 1 a2 ) P 2 , n = ^n 1 ^) yield (note that 
they are independent of Xn) 

p n ~ 1, q n — > -h(3i, r n — > and ||r n cj n (/i)|| 00 < C(\ai(h)\ + \a 2 (h)\). (2.63) 
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On the other hand, as in Section 3.2, with Notation 1.1 and (3.34), we have 

B n = a° n {a' hn (h),a' 2 Jh)), (2.64) 

where 

, a n (ai + ihfii) + ib n , a„(a 2 /O n + ihf3 2 /0 n ) + ib n 
a in{h) = r, ., n . and a 2n (h) = — n ,, , . (2.65) 

Hence, like in (3.41), we have 

lim a' ln (/i) = ai and lim n «2 n(^) = a 2 + «o 1 (^2 2 h 2 . (2.66) 

We can first apply Proposition 2.2 with the conditions (2.64) and (2.66) to have the H(A4(Q) 2 )- 
convergence of B n . Then, by virtue of Proposition 2.1, with (2.63) we get that 



/y(„vf(i2)'^) 

<?n{h) — o"*(ai,«2 + ol 2 1 f$ 2 h 2 ) + hf3\J. 



□ 



3 A two-dimensional periodic medium 



In this section we consider a sequence X] n of matrix valued functions (not necessarily symmetric) 
in L°° (M 2 ) 2 * 2 , which satisfies the following assumptions: 



1 . S n is Y-periodic, where Y := (0, l) 2 , i.e., 

VneN,Vft€Z 2 , S n {. + k) = S n (.) a.e. in IR 2 , 

2 . S ra is equi-coercive in M 2 , i.e., 

3a >0 such that Vre E N, V£ E M 2 , T, n £ ■ £ > a\£\ 2 a.e. in R 2 . 



(3.1) 



(3.2) 



Let e n be a sequence of positive numbers which tends to 0. From the sequences E n and e n we 
define the highly oscillating sequence of matrix-valued functions a n by 



a n (x) = S r 



a.e. x E 



(3.3) 



By virtue of (3.1) and (3.2), a n is an equi-coercive sequence of e n -periodic matrix-valued functions 
in L°°(M 2 ) 2x2 . For a fixed n E N, let (cr n )* be the constant matrix defined by 



VA^EM 2 , K)*A • y. = j S n VW n A • VW£ dy, 



(3.4) 



where, for any A E M 2 , VK A E -£fjj(Y), the set of Y-periodic functions belonging to -ff^ c (R 2 ), is the 



solution of the auxiliary problem 

j (W* - A • y) dy = and div(£„VTY A ) = in 2$'(M. 2 ) 

£ n W„ A • dy = 0, V <p E H] (Y) 
j (W*{y)-\-y) dy = 0. 



or equivalently 



Set 



and 



w*(x) := e n W } n 



, for x E 0, 



w n := (w* 1 ,™* 2 ) = (-u4,u; 2 ). 



(3.5) 
(3.6) 

(3.7) 
(3.8) 
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3.1 A uniform convergence result 

Theorem 3.1 Let Q, be a bounded open subset ofM 2 with a Lipschitz boundary. Consider a highly 
oscillating sequence of matrix-valued functions a n satisfying (3.1), (3.2), (3.3) and the constant 
matrix (cr n )* defined by (3.4)- We assume that 

(o- n )* — ► (J* in M 2x2 . (3.9) 

Consider, for f G i/ _1 (f2) n W~ 1,q {yt) with q > 2, the solution u n of the problem 

|-div(a n Vn n ) = / inO 
I u n = on oU. 

Then, u n converges uniformly to the solution u G Hq(Q) of 

f-div(a.Vu) = / inO n 
[ u = on oil. 

Moreover we have the corrector result, with the e n Y -periodic sequence w n defined in (3.8): 

2 

~ Yj diU Vw n —> ™L l (p) 2 . (3.12) 



Remark 3.1 The first point of Theorem 3.1 is an extension to the non-symmetric case of the results 
of [13] and [15]. The uniform convergence of u n is a straightforward consequence of Theorem 2.7 
of [15] taking into account that in the present case o~ n £ L°°(f2) 2x2 for a fixed n. The fact that 
f £ W~ 1,q {£l) with q > 2 ensures the uniform convergence. 

Proof of Theorem 3.1. 

Derivation of the limit problem V . 

We only have to show that u is the solution of V in (3.11). We consider a corrector 
Dw n : M. 2 — ► M 2x2 associated with crj defined by 




where for i = 1, 2, G H^(Y) is the solution of the auxiliary problem 

j (Wl-ei-x) dx = and div (sjvf*) = in @'(R 2 ). (3.13) 

Again, thanks to Theorem 2.7 of [15], w n converges uniformly to the identity in £1 by the integral 
condition (3.13). Let ip G We have, using the Einstein convention, by integrating by parts 
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and by the Schwarz theorem (dfj(p = d^ip) 
a n Vu n ■ V (<p(w n )) dx 

n 

Vu n ■ anVw l n (dnp)(w n ) dx 



Q 

o^Vw n • V \u n dnp{w n )) dx- o^Vw n ■ Vwj d$j<p(w n ) u n dx 
n in 



=o 

= - / ^VfflJ, • VS^ df^Wn) u n dx - / ffJVt?^ • Vu£ <9f i</?(w„) u n dx 

- / o^Vw* • Vi^ dj 2 (p(w n ) u n dx 
Jq 

= - cr n Vw l n ■ Vw n df^Wn) u n dx- \ (T n Vw\ ■ Vw n d1 t2 <p(w n ) u n dx 
Jq Jq 

- / (T^Vwi • Vwl df 2 (p(w n ) u n dx 
Jq 

= ~ a ty™n ■ dti<P(w n ) u n dx - 2 / a n Vw n ■ Vw^ df 2 (p(w n ) u n dx. 

Jq Jq 

This leads us to the equality 
(/, ip(w n )) H -i( n)jH i( Q) = j a n Vu n • V ((p(w n )) dx = - J a n Vw n -Vv? n dfjip(w n ) u n dx. (3.14) 

To study the convergence of the last term of (3.14), we first show that a n S7w n ■ Vuin is bounded 
in L 1 (il). We have, by periodicity and the Cauchy-Schwarz inequality 

|<V< • Vwi\ dx = £ |E« Vr„ • VW£| f |-) dx 



<C^jJ \% s n VW n ■ VW n \ dx^j j \Z s n VWl ■ VW r {\ dx 

< C^(a n )*ei ■ €4 J (a n )*ej ■ ej 
which is bounded by the hypothesis (3.9). Therefore, 

a s n Vw n ■ Vwl is bounded in L 1 ^). (3.15) 
Due to the periodicity, we know that for i,j = 1,2, 

2a s n Vw\ ■ Vwi = a^Vwl ■ Vw{ + a^V& n ■ Vw n -± {a,f e t ■ e 3 + (a*f e 3 ■ e* = 2 (a*) s a ■ ej 

weakly-* in J\A(D,). Hence, we get that 

a n Vw n ■ Vw{ (a*) s a ■ ej weakly-* in M(Q). (3.16) 

Moreover, dfjip(w n ) u n converges uniformly to dfjtp u. Thus, by passing to the limit in (3.14), we 
have, again with the Einstein convention 

Q 



(/> 1 p)h-^q),h^q) = ~ e i ■ e j d i,j<P udx = - a* : V ip u dx. 
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Therefore, by integrating by parts and using <p = on dd, 



j a*Vu -V<pdx= {f, (p) H -i(p) tH i 



(ay 



(3.17) 



Proof of the corrector result 

First of all, we show that the corrector function w n is bounded in i? 1 (f]) 2 . By the definition 
(3.8) of w n , the Y-periodicity of and the equi-coercivity of S n , we have, for i = 1,2, 



(3.18) 



« l|V<||£ 2(Q)2 < Ca \\VW^\\ 2 L2(Y)2 < C / E n VW* • VW l n dx = C (a^e; ■ e 



Y 



which is bounded. This inequality combined with the uniform convergence of w n yields to the 
boundedness of w n in H l (£l) 2 . 

Let us consider an approximation u s G of u such that 



\\u-u \\hI{Q) < 8. 

On the one hand, we have 

a n Vu n ■ V(u n - u s (w n )) dx = (f, (u n - u 6 (w n ))) H - 

n 



(3.19) 



i(n),B3(n)- 



Since w n converges uniformly to identity on Q and is bounded in H 1 ^) (see (3.18)), with u s G ^(^), 
u s (w n ) converges weakly to u s in Hq(£~1). Hence, by the weak convergence of u n to u in Hq(£~1) and 
(3.19), we can pass to the limit the previous inequality and obtain, for any 5 > 0, 



lim sup 

n— too 



a n Vu n ■ V(u n - u 5 (w n )) dx 



(f,u-u S ) H - 



< CS. 



(3.20) 



On the other hand, similarly to the proof of the first point (3.14), we are led to the equality 
a n V(u 5 (w n )) ■ V(u n - u 5 (w n )) dx = - [ <V< ■ V< S$jU S (w n ) (u n - u 5 {w n )) dx. (3.21) 



As in the first point, a^S/w % n ■ Vwii is bounded in L 1 (0) (see (3.15)), u n converges uniformly to u 
and diju s (w n ) converges uniformly to diju 5 because u s is a @(£t) function. By passing to the limit 
in (3.21) 



(3.22) 



a n V(u s (w n )) ■ V(u n — u s (w n )) dx — > — / {a*) s ei ■ e« df,u & (u — u s ) dx. 
in ' n ^°° Jn 

Moreover, like in (3.17) we have 

f (a^Ya-ej dfju 5 (u-u s ) dx = [ a*Vu 5 ■ V (u - u 5 ) dx. 
Jn ' Jn 

By combining this equality with the convergence (3.22), we obtain the inequality 



lim 

n— >oa 



/ a n V (u 5 (w n )) ■ V (u n - u 8 (w n )) dx < / cr*Vu s ■ V(u - u 5 ) 
Jn Jn 



(3.23) 



(3.24) 



< C\a*\ ||V« 6 || L 2 (n) 2||Vl 



u — u 



| i2(n)2 < CS. (3.25) 



Thus, by adding (3.20) and (3.25), we have 

lim sup / £r n V(u„ — u s (w n )) • V(u n — u s (w n )) dx < CS 

n— >co Jn 
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which leads us, by equi-coercivity, to 

limsup a \\V{u n - u s {w n ))\\ 2 L 2tQ\2 
n-Kso 

< limsup 

n— >oo 

Thus, the Cauchy-Schwarz inequality, the boundedness of Vw l n in L 2 (Vt) 2 (3.18) and the Einstein 
convention give, for any 5 > 0, 

\\Vun - Vw l n diu\\ L i^2 

< \\Vun - Vw % n diU S \\ L i(Q)2 + \\Vw l n di(u s - u)\\ L i {n) 2 

< \\Vu n - Vw l n diU & \\ L i {n) 2 + ||V^|| L 2 (Q) 2||9 i (n' 5 - u)\\ L 2 {n) 
<\\Vu n - Vwidiu 6 \\ L i [n) 2 + C5 

< \\Viin - VwJ 1 «9 i u' 5 (m„)|| L i( n) 2 + \\Vw l n (diU & - diU 5 (w n )) \ \ l i(q)2 + CS 

< \\Vu n - Vw l n diU S (w n )\\ L i( n) 2 + \ \Vw l n \\ L 2 {n) 2\\diU 5 - diU S (w n )\\ L 2 {n) + C5 

< \\vu n - v<d;« 5 K) | | £ i (n)a + c\\d iU 5 - d iU s (w n )\\ L 2 {n) + cs. 

Since u s G Z$(VL) and w n converges uniformly to the identity on f2, the second term of the last 
inequality converges to 0. Hence, we get that 

limsup \\Vu n — Vw l n diu\\ L i(Q-j2 < limsup ||Vu n — Vw l n diU S (w n )\\ L i^2 + CS. (3.27) 

Finally, this inequality combined with (3.26) gives, for any S > 0, 

< limsup ||Vn„ — Vw^diu] |i,i(Q)2 < CvS + CS, 

n—^oo 

which implies the corrector result (3.12). □ 

Remark 3.2 If the solution u is a c € 2 function, then the convergence (3.12) holds true in L^ 0C (Q) 
since we may take u = u s . 

3.2 A two-phase result 

Here, we recall a two-phase result due to G.W. Milton (see [35] pp. 61-65) using the Dykhne 
t r ansfor mat ion . 

In order to apply the previous theorem, we reformulate Milton's calculus in such a way that every 
coefficient depends on n. We then consider, for a fixed n, the periodic homogenization of a conduc- 
tivity o~ n (h) to obtain {(T n )*{h) through the link between the homogenization of the transformed 
conductivity and (<J n )*(/t) given by formula (4.16) in [35]. Finally, we study the limit of (c n )*(/i) 
through the asymptotic behavior of the coefficients of the transformation, and apply Theorem 3.1 in 
the example Section 3.3. 

In this section we consider a two-phase periodic isotropic medium. Let Xn be a sequence of 
characteristic functions of subsets of Y . We define for any a\ > 0, f}\ € M, any sequences «2,n > 0, 
h,n £ Hfc anci an Y h E M, a parametrized conductivity £ n (/i): 

X n (h) = (l-Xn)(aih + hp 1 J)+Xn(a 2 ,nl2 + hl32,nJ) in Y. (3.28) 

We still denote by Y, n (h) the periodic extension to M 2 of T, n (h) (which satisfies (3.1)). We assume 
that Ti n (h) satisfies (3.2), and define o~ n (h) by (3.3) and {o~ n )*{h) by (3.4). 

We have the following result based on an analysis of [35] (pp. 61-65). 



0"nV(u n - u (w n )) ■ V(u n - u 5 (w n )) dx 



< CS. 
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Proposition 3.1 Let \n be a sequence of characteristic functions of subsets of Y, ct\,cti > 0, a 
positive sequence ct2, n , Pi, P2 £ and a sequence Pi,n such that 

limQ2n=oo, liminf \p 2 n — Pl\ > 0, and lim ^ 2,n = — . (3.29) 

n— >oo ' n—>-oo ' n— >oo Ct2,n Ct2 

Assume that the effective conductivity in the absence of a magnetic field 

i a n) (riin,l2n) i- s bounded when lim 71 n = at and lim 2,71 = 72 > 0. (3.30) 

* ' ' n— 5>oo ' n— >oo 012 n 

Then, there exist two parametrized positive sequences a[ n {h) , a' 2 n (h) such that 

lim a' ln {h)=a\ and a' 2n (h) ~ a 2 + Aj a2 n; (3.31) 

n— >oo ' ' n— >oo (j^ 

and 

M*W = K)*KnW J aj! > nW)+^iJ+ o (1) (3.32) 
where (f^)* ( a 'i n(^)> a 2 nW) * s bounded. 

Remark 3.3 In view of condition (3.29), the case where (3 2 ,n tends to /3\ corresponds to perturb the 
symmetric conductivity 

°"n = (1 - Xn)Ct\h + XnOt2,nh 

by 

a s n + (3 1 J+ o (1). 

T/ien it is clear that 

(O*(/0 = «), + /3iJ+ o (1). 

Proof of Proposition 3.1. The proof is divided into two parts. After applying Milton's computa- 
tion (pp. 61-64 of [35]), we study the asymptotic behavior of the different coefficients. 

First step: Applying Dykhne's transformation through Milton's computations. 

In order to make the Dykhne's transformation following Milton [ ] (pp. 62-64), we consider two 
real coefficients a n and b n such that 



o~' n :— (a n L 



l a n (h) + b n j)(a n I 2 + Jcr n (h)) 1 = a n (a n (h) + (a n ) 1 b n j){a n I 2 + Ja n (h)) 1 (3.33) 

is symmetric and, more precisely, according to Notation 1.1, reads as 

= (1 ~ Xn)u' ljn (h)I 2 + XnU2,n{ h )h = ct° (a' l n (/i), a 2 _ n (/i)) . (3.34) 

Then, using the complex representation 

al 2 + PJ < — ► a + Pi (3.35) 

suggested by Tartar [41], the constants a n , b n must satisfy 

, ,,v a n (ai + ihPi) + ib n , a n (a 2 , n + ih(3 2 ,n) + ib n 

a, Jft = — — — G K and a 2r) [h) = — —7, — r«i (3.36) 

which implies that 

_ -a^hPi + a w Ai _ -a^/3 2 ,n + a n A 2 , n 

— ua — ua ■ {6.61 ) 
a n - hPi a n - hp 2 ,n 
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Denoting Ai := a 2 + h 2 j3\ and A 2i „ := °| n + ^fl\n (thanks to (3.29), n is considered to be larger 
enough such that /3 2jn — /3\ 7^ and a n is real), the equality (3.37) provides two non-zero solutions 
for a n : 

A 2 ,n - Ax + V(A 2 ,„ - Ax) 2 + 4/ l 2 (/3 2 ,„ - PiXpV^ - ^A 2 , n ) ,„ QQ . 

°" = 2M/V-/?i) ' (3 ' 38) 

and 

_ _ A 2 , n - Ax - ^(A 2 ,„ - Ax) 2 + 4/ l 2 (/3 2 , n - /3i)(/3 2 ,nAi - p\A 2 , n ) 



2h(fo, n -pi) 

The value (3.38) is associated with a positive matrix <r^, while a~ leads us to the negative matrix 
o~ = —J(a' n )^ 1 J^ 1 to exclude (see [34] for more details). 

Second step: asymptotic behavior of the coefficients and the homogenized matrix. 
One the one hand, by the equality (3.38) combined with (3.29), we have 

km a n ts = q 

which clearly implies that 

a\ + /i 2 /3 2 a|n tjg 
a„ ~ g ~u~a a~\ and a n ~ h/3 2 ,n ~ ^7-5 ^r. (3.39) 

On the other hand, (3.29), (3.39) and the first equality of (3.37) give 

b n = -a n hp 1 + A x + o (1). (3.40) 

n— >oo 

From (3.29), (3.38), (3.39) and (3.40) we deduce the following asymptotic behavior for the mod- 
ified phases: 

lim a\ n (h) = ct\ and lim 2 '"^ - = 2 \ ^ 2 . (3-41) 

n-too ' ra-s>oo a 2;n 

To consider (c^) , we need to verify that cr^ is equi-coercive. We have, by denoting for any 
£ € M 2 , i/ n = (a n I 2 + Ja n (/i)) _1 e, 

V £ G M 2 , cr^ • £ = (a n a n (h) + 6 n J)^„ • (a n I 2 + Ja n (h))v n = (a 2 + b n )a n {h)u n ■ v n 

and, because a~ l o~ n {h) is bounded in L°°(r2) 2x2 by (3.39), 

V(£l 2 , |£| = \a n v n + Ja n (/t)i/ n | < a n {l + C)|i/ n |. 

The equi-coercivity of a n (h) gives 

3 0, V£GM 2 , <g-g> ^ ^""t 6 " ^ 2 (3-42) 



that is, for n larger enough, by (3.39) and (3.40), a' n is equi-coercive. 

We can now apply the Keller-Dykhne duality theorem (see, e.g., [30, 23]) to equality (3.33) to 
obtain 

(°n)* = (Mcrn)* + b n j) (a n I 2 + J(<7 n )*) ■ (3-43) 

Moreover, by inverting this transformation, we have 

(a n )*(h) = {a n h - (cr' n )*J) 1 (a n (a' n )* - b n j). 
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1 2t n {— 




□ aih + PihJ 



Figure 3.1: The period of the cross-like thin structure 



Considering (3.29), (3.39), (3.40), and the boundedness of (&' n )* (as a consequence of the bound 
(3.30)) we get that 

K)*(/i) = KJ* -— J+ o (l) = (a' n \ + hp l J+ o (1), (3.44) 

Cb n n— ¥oo n— >oo 

which concludes the proof taking into account (3.34). □ 

To derive the limit of (<r^) [pt'-y n (h),a' 2 n {h)), we need more information on the geometry of the 
high conductive phase. To this end, we study the following example. 

3.3 A cross-like thin structure 

We consider a bounded open subset Q, of M 2 with a Lipschitz boundary, a real sequence e n 
converging to 0, and / G ff _1 (f]) n W~ 1,q (p.) with q > 2. We define, for any /i£l, oci,Pi > and 
positive sequences t n G (0,1/2], c^m fh.,ni a parametrized matrix-valued function T, n (h) from the 
unit rectangular cell period Y : = ( — |, |) x (— |, |), with t > 1, to M 2x2 , by (cf. figure 3.1) 

Y, (h) ■= i a ^<rih + P2,nhJ in w„ := {(xi,x 2 ) G F | \xi\, \x 2 \ < t n } , . 

Denoting again by S„(/i) its periodic extension to M 2 , we finally consider the conductivity 

a n {h)[x) = £ n (/i) , xen, (3.46) 

and the associated homogenization problem: 

(-div(a n (h)Vu n ) = f in $7 

[ !1„ = Ollffll. 

By virtue of Theorem 3.1 and Proposition 3.1, we focus on the study of the limit of 

Proposition 3.2 Let a n (h) be the conductivity defined by (3.45) and (3.46) and its homogenization 
problem (3.47). We assume that: 

2t n {£+l)a 2 , n — ► a 2 > and 2t n (£ + l)p 2 ,n — ► fa > 0. (3.48) 
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Then, the homogenized conductivity is given by 



( , «i + /3 2 2 / i 2 



ai + 



(£ + l)a 2 



ax + 



£(£ + l)a 2 J 



Remark 3.4 The previous proposition does not respect exactly the framework defined at the beginning 
of this section because the period cell is not the unit square Y = (0, l) 2 : we can nevertheless extend 
all this section to any type of period cells. 

Remark 3.5 The condition (3.48) is a condition of boundedness in L 1 (J7) 2x2 of o~ n because 

\u n \ = 2t n (£ + 1) - 4t 2 ~ 2t n (£ + 1), 
which will ensure the convergence of • 

Proof of Proposition 3.2. In order to apply Proposition 3.1, we consider two positive sequences 
a 'i,n( h )' a 2,n( h ) satisfying 

lim a' ln (h) = a\ and a' 2n (h) ~ — - — ^ — - a 2 n - (3.49) 

n— >oo ' ' n— >oo ot^ 

We will study the homogenization of a' n := cr° [ol x n (h) , a' 2 n (h)) . 

To this end, consider a corrector W£ = X ■ x — in the Mur at- Tartar sense (see, e.g., [38]) 
associated with 

s / . f a 2,nW h in u n = {(xi,x 2 ) € Y \ \x x \, \x 2 \ < t n } 
a' ln {h) I 2 inF\u n 



and defined by 



' div(S'„VX^) = div(S' n A) in ^'(R 2 ) 
is Y — periodic 



(3.51) 



*n dy = 0. 



v JY 

On one hand, the extra diagonal coefficients of (<t£J* are equal to because, as Y! n is an even 
function on Y, we have, for i = 1,2, 

yi i — > (y) is an odd function, 
yi i — > Wn (y) is an even function for i ^ j, 

which implies that y\ i — > S'^VW^ 1 • VW^ 2 is an odd function. Then, by symmetry of Y with respect 
to 0, 



i°~n)* e i ' e j 



J E^VW^ ■ VWn J dy = 0. 



On the other hand, as E^ is isotropic, for the diagonal coefficients, we use the Voigt-Reuss 
inequalities (see, e.g., [29] p. 44 or [36]): for any i = 1,2 and j ^ i, 



«(E^ • e l )-\ 1 ) j < (p> n )*ei ■ e % < ({E^ • e i )j 1 ) i 1 (3.52) 
where (-)j denotes the average with respect to yi at a fixed yj for j 7^ i. 
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An easy computation gives, for the direction e\, 

-l 



(1 - 2tn) 



It 



1t n 



and 



la' hn (h) £a' 2!n (h) 
(a' n )*ei ■ ei < I 



+ 2t r , 



It 



H,n(h) 



(1 - 2t n )a' hn {h) + 2t n a'^ n {h) + a'^ n (h) 
By (3.48) and (3.49), we have the convergence 

hrn (<r n )*ei • ei = qi + — . 

n-+oo + 1Jq;2 

A similar computation on the direction e 2 gives the asymptotic behavior: 



2t r . 



lim (°n)* = lim (O'n)* («l,n( /l ) 5 a2,n( /j )) 



/ a|, + /^ 2 



?+ 1)Q2 

ai + 



«| + /^ 2 
^ + l)a 2 / 



(3.53) 



Moreover, the matrix a n {h) clearly satisfies all the hypothesis of Theorem 3.1. By Theorem 3.1 
and (3.53), we have 



lim (cr n )*(/t) = lim (cr°) (a' x (h), a' 2 Jh)) + frhJ 



«1 + 



a: 



+ fth* 



\ 



\ 



(£ + l)a 2 

h(3i ai + 



4 + ft 2 * 2 

£(£ + l)a 2 J 



□ 



We finally apply Theorem 3.1 to get that a*(h) = lim {(J n )*{h)- 

n— >oo 

4 A three-dimensional fibered microstructure 



In this section we study a particular two-phase composite in dimension three. One of the phases 
is composed by a periodic set of high conductivity fibers embedded in an isotropic medium (figure 
4.1a). The conductivity a n (h) is not symmetric due to the perturbation of a magnetic field. 

First, describe the geometry of the microstructure. Let Y := ( — 4, ;>) be the unit cube centered 



2> 2; 



at the origin of M 3 . For r n 6 (0, consider the closed cylinder oj n parallel to the X3-axis, of radius 

■■={y^y\yl + yl<rl}. (4.1) 



r n and centered in Y 



LO T , 



Let fi = fl x (0, 1) be an open cylinder of M 3 , where O is a bounded domain of M? with a Lipschitz 
boundary. For e n £ (0, 1), consider the closed subset Q n of defined by the intersection with Q of 
the e n Y-periodic network in M 3 composed by the closed cylinders parallel to the X3-axis, centered 
on the points e n k, k £ Z 2 , in the x\-x 2 plane, and of radius e n r n , namely: 



Vt n := ft n (J e n (uj n + v) 



(4.2) 



The period cell of the microstructure is represented in figure 4.1b. 
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(a) The fibers lattice 



Mi 



□ fi„ne n (F + 1/) 



.T 3 



X-2 



(b) The period cell 
Figure 4.1: The fibered structure in dimension 3 



We then define the two-phase conductivity by 



a n (h) 



aih + M(h) in n \ a n 

h + P2,n£(h) in O n , 



where ai > 0, /3i G R, «2,n > and p 2 ,n are rea l sequences, and 

<f (ft) := 










| , for h = 


h 2 


G R 3 




\h 3 J 





Our aim is to study the homogenization problem 



(4.3) 



-div (o n {h)Vu r , 



f in Q 
on dtt. 



(4.4) 



Theorem 4.1 Let a\ > 0, fi\ G R, anc? /e£ e n , r ra , a 2 ,n, /32,n ; n G N, 6e reaZ sequences such that 
£n, r n > converge to 0, a 2n > 0, and 



lim e n \ lnr n | = 0, lim \ui n \ a 2 , n = a 2 > 0, lim \u n \ f3 2 ,n = P2 G R- 



(4.5) 



Consider, for h G R 3 , i/ie conductivity a n {h) defined by (4-3). 

Then, there exists a subsequence of n, still denoted by n, such that, for any f G H^ 1 ^) and any 
h G R 3 , the solution u n ofVn : n converges weakly in Hq(Q) to the solution u of 



-div(a*(h)Vu n ) 



11 



f in Q 
on dQ,, 



(4.6) 
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where cr*(/i) is given by 

a*(h) = a x h + ( a HTSlT ) e 3 ®e 3 + M{h). (4.7) 

V a 2 + P2 ""3 / 

Remark 4.1 Theorem 4-1 can be actually extended to fibers with a more general cross-section. More 
precisely, we can replace the disk r n D of radius r n by the homothetic r n Q of any connected open set Q 
included in the unit disk D, such that the present fiber uj n is replaced by the new fiber r n Q x ( — n> 2) 
in the period cell of the micro structure. 

On the one hand, this change allows us to use the same test function v n (4.8) defined in the proof 
of Theorem since v n remains equal to 1 in the new fibers due to the inclusion Q C D. On the 
other hand, Lemma 4-1 allows us to replace the disk D by the open set Q C D. 

Remark 4.2 We can also extend the result of Theorem 4-1 to an isotropic fibered micro structure 
composed by three similar periodic fibers lattices arranged in the three orthogonal directions ei,e2,&3, 
namely 

3 

w„ := (J {y 6 Y I J^y? < and Q n := ft n |J e n (u n + v), 

as represented in figure 4- 2. Then, we derive the following homogenization conductivity: 




Figure 4.2: The period cell of the isotropic fibered structure in dimension 3 

Remark 4.3 We can check that when the volume fraction 9 n = and the highly conducting phase 
of the conductivity c^n = cue and f$2,n = Pe are independent of n, the explicit formula of [27] 
denoted by a if (8,h), for the classical (since the period cell is now independent of n) periodically 
homogenized conductivity (see (3.4) ) has a limit as 8 — > when Qoiq and 0(3q converge. Indeed, we may 
replace in the computations of [ ] the optimal Vigdergauz shape by the circular cross-section in the 
previous asymptotic regime. Therefore, Theorem 4-1 validates the double process characterized by the 
homogenization at a fixed volume fraction 9 combined with the limit as 9 — > 0, by one homogenization 
process in which both the period and the volume fraction 9 n = irr^ of the high conductivity phase tend 
to as n — )• 00. 

Remark 4.4 The hypothesis on the convergence of lnr n | (4.5) allows us to avoid nonlocal effects 
in dimension three (see [24, J])- These effects do not appear in dimension two as shown in [12]. 
Therefore, we can make a comparison between dimension two and dimension three based on the 
strong field perturbation in the absence of nonlocal effects. 
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Remark 4.5 If h = h^e^, the homogenized conductivity becomes 

aJh) = a\h + 02 e3 ® + f3ih 3 ( 1 o* o) 

\o 0/ 

which reduces to the simplified two-dimensional case when the symmetric part of the conductivity is 
independent of /13 (i.e. a® in (2.40) does not depend on its second argument). 

Proof of Theorem 4.1 The proof will be divided into four parts. We first prove the weak-* 
convergence in .M(Sl) of a n (h)Vu n in £l n . Then we establish a linear system satisfied by the limits 
defined by 

lOn fan s weakly _* i n M(n). 
\u) n \ dxi 

Moreover, we deduce from Lemma 4.1 that 

lf2„ dUn . 9u 



\uj n \ 8x3 8x3 
We finally calculate the homogenized matrix. 



weakly-* in 



We first remark that, classically, the sequence of solutions u n of Vu,n ( see (4-4)) is bounded in 
Hq(Q) because, since n diverges to 00 : 

\\^ u n\\ 2 L 2 m 3 <C (ait n \n n h + a 2 .n^n n h)^Un • Vu n dx = a n (h)Vu n • Vm„ dx. 
Jq Ju 

By the Poincare inequality, the previous inequality and (4.4) lead us to 

I W 1^-1(0,) < C||Vu n ||| 2 ( n )3 < C\(f, Un) H -i^ iH i^\ < C\\f\\ H -i^\\u n \\ H i^ 
and then to 

I Wlffl(n) < C \\f\\ H -i( n y 

Thus, up to a subsequence still denoted by n, u n converges weakly to some function u in Hq(Q). 

First step: Weak-* convergence in M (O) of the conductivity in the fibers lfi n (a2,n-^3+ ( 52,n^'(^)) Vii n . 
We proceed as in [ !2] with a suitable oscillating test function. For R G (0, 1/2), define the Y-periodic 

(independent of 2/3) function V n by 



K(yi, 2/2,2/3) 



and the rescaled function 



lnfl-ln vg+j| 
In i? — In r n 




if Vy'i + vl ^ r « 

if r n < V?/i + 2/2 ^ fl for y € y ' 

if Tyf+yf > 



v n (x) = K 



for x E 



(4.f 



In particular, by using the cylindrical coordinates and the fact that r n converges to 0, this function 
satisfies the inequalities 



v 



n\\L 2 (fl) 



< C||T4|| L 2(y) — C 



c 



|v^iii w <^nw n " 2 





R 




In 




~*( 




r n 






R 




In 








r n 





7T7V. 



2tt r R 



Jr n 



r In 



R 



r 



drdOj 



R 2 - r 2 



7T- 



c 



" TrrHln 2 



— — — 7r In — — ] ^ C ' 

r„. r. 



In 



L 2 (Y) 3 



In* 


~2 /»27T f 








JO Jr 



1 , ,„ c 

- drd6> < -^r 



In 



i? 

' n 
-1 
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and, consequently 



\l 2 (U) I Vu„| 1^2(^)3 < C\ 



In 



R 



0. 



(4.9) 



Let A be a vector in M 3 perpendicular to the X3-axis. Define the Y-periodic function X n by 
VJ n = A in u) n , such that X n £ f!F(y) and is y-periodic, and the rescaled function X n by 



.r 



(4.10) 



In particular, X n satisfies 



£ n \\XnWoc < Ce n , ||VX n || t>0 = ||VX n || oc < C and VX n = A in U n . (4.11) 



We have, by (4.11) and (4.9), 



\v n X n \\Hi(ty < | |oo| I'Wnl |i 2 (Q) + I \X n \ | oo 1 1 Vf n | + 1 1 VX„ 1 1 oo | \v n | |l 2 (Q) 

< C(IKIIl 2 (Q) +^n||Vu„|| L 2 (n) 3) >• 0, 



which gives 



V<pE@(Q), tp v n X n — > strongly in Hi (ft). 

n— >oo 

Let (p £ 3${Q). By the strong convergence (4.12), we have 

/ a n (h)X7u n ■ X7((p v n X n ) dx = (/, cp v n X n ) H -i(a) )H i 

J Q 



(n) 



0. 



(4.12) 



(4.13) 



Let us decompose this integral which converges to 0, into the integral on the fibers set Q n and 
the integral on its complementary: 

/ a n {h)Vu n • V(ip v n X n ) dx = (aih + ^{h))Vu n ■ V(y? v n X n ) dx (4.14a) 

Jn Jn\n n 

+ I {oc2,nh + fo,n£{h))Vu n ■ V(p v n X n ) dx. (4.14b) 

The expression (4.14a) converges to since, by the Cauchy-Schwarz inequality, the boundedness 
of u n in Hq(Q) and (4.12), we have 



(ai/ 3 + j3iS'(h))Vu n ■ V(ip v n X n ) dx 
n\n n 



< \aih + P\£{h)\ \\Vu n \\ L 2( n \3 \\ip v n X n \\ H i 



0. 



(4.15) 



Consequently, as v n = 1 and VX n = A on J7 n , by (4.13), (4.14a), (4.14b) and (4.15), we have 

/ a n (h)Vu n • A ip dx + / a n (h)Vu n • Vy? X n dx — > 0. (4.16) 

To prove the convergence to of the right term, we now show that lfj n (a2,n-^3 + fi2,n${h)) Vu n 
is bounded in L 1 (J7) 3 . We have, by the Cauchy-Schwarz inequality, (4.5) and the classical equivalent 



i a 



|fi| \bJ n \ 



I \{o-2,nh + fi2,n£{h))Vu n \ dx \ < 1 1 3 + a 2 ^2,nS{h) \ 2 \ Q n | a 2 ,n / at2,n\Vu n \ 2 dx 

< C / a n {h)S7u n ■ X7u n dx 
Jn 



< C 



ff-^n) 1 1 "nil h, l(ny 
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This combined with the boundedness of u n in Hq{Q) implies that 1q„ (a2,n^3 + h,n${h))yu n is 
bounded in L 1 (fi) 3 . This bound and the uniform convergence to of X n (see (4.11)) imply the 
convergence to of the right term of (4.16), hence 



{a 2 ,nh + P2,n&(h))Vu n ■ X if dx 



0. 



We rewrite this condition as 

V A _L e 3 , l n „ {a 2 , n h + ft,n^(ft))V«„ • A — ^ weakly-* in M(Q). 



(4.17) 



Second step: Linear relations between weak-* limits of — 



Thanks to the Cauchy-Schwarz inequality, we have 



ln n du n 



\ui n \ dxi 



< 



1 



L!(fi) \ U ri\ Jn 



\Vu„ I dx < 



a2,n|Vu n | 2 dx 



which leads us, by (4.5) and the asymptotic behavior |f2 n | ~ \Q\ \u) n \, to 



lfi„ du n 



\u n \ dxi 



< 



C 



= / a n {h)Vu n ■ Vu n dx < C {f,u n ) H -i (n) H i (n) 



which is bounded by the boundedness of u n in Hq(Q). This allows us to define, up to a subsequence, 
the following limits 



ln„ du n 
\w n \ dxi 



Then, by (4.17) we have 



£i weakly-* in .M(f2), fori = 1,2,3. 



In 



(4.18) 



(a2,n^3 + P2,n^{h))ln n Vu n ■ A = (a 2 ,n\un\h + 02,n I w n | <£ (h)) - — =rVu n • A weakly-* in M(fl). 

\w n \ 

Therefore, putting A = e\, e 2 in this limit and using condition (4.5), we obtain the linear system 

| a 2 £i + P 2 h 2 & - (3 2 h 3 £ 2 = 



which is equivalent to 



a 2 ii + Pihzii - fchiZz = 
P 2 h\h 3 - a 2 /3 2 h 2 



in M(P), 



6 
6 



P 2 h 2 h 3 + a 2 p 2 hi 



in 



(4.19) 



Third step: Proof of £3 



du 
dx 3 



We need the following result which is an extension of the estimate (3.13) of [21]. The statement of 
this lemma is more general than necessary for our purpose but is linked to Remark 4.1. 

Lemma 4.1 Let Q be a non-empty connected open subset of the unit disk D. Then, there exists a 
constant C > such that any function U £ -ff 1 (y) satisfies the estimate 



1 



nl , Udy- / Udy 

KQ\ y r „Q X (-i,i) Jy 



< CV|lnr- n | ||VE%2 



(Y)3 



(4.20) 
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Proof of Lemma 4.1. Let U E H l (Y). To prove Lemma 4.1, we compare the average value of U 
on r n Q and r n D. Denoting y = (yi, y 2 ), we have, for any y 3 E \), 



U (y, y 3 ) dy 

and, since Q C D, 

U(y,y 3 ) dy - 



U(y,y 3 ) dy 



r„D 



U{r n y,y 3 ) dy - f U{r n y,y 3 ) dy 
D 



< 



Q 



U{r n y,y 3 ) - f U(r n y,y 3 ) dy 
D 



dy, 



f 



r„D 



U(y,y 3 ) dy 



< 



\D\ 



\Q\ 
< c 



D 



c_ 

7Tr n Jr n D 



U(r n y,y 3 ) - f U(r n y,y 3 ) dy 

D 



(r n y, y 3 ) dy 
(y,V3) dy, 



dy 





dU 




dU 


M 




+ 


dx 2 



dU 



dxi 



+ 



dU 



dxo 



the last inequality being a consequence of the Poincare-Wirtinger inequality. Hence, integrating the 
previous inequality with respect to y 3 E 3) an d applying the Cauchy-Schwarz inequality, we 

obtain that 

< — [ |W| (y) dy 



U(y) dy - f U(y) dy 



<C. \VU\ 2 (y)dy 
<C||Vf/|| i2(y) 3. 



This combined with the estimate (3.13) of [21], i.e. (4.20) for Q = D, and the fact that lnr n | 
diverges to 00 give the thesis. □ 

Let (p E £F(f2). A rescaling of (4.20) with Q = D implies the inequality 
1 



u n ip dx — u n ip dx 



< Ce n ^J\ lnr n | ||V(ii n </?)|| L 2( Q )3 



Combining this estimate and the first condition of (4.5) with 

l|V(«n¥0||z,2(fi)3 < ||Vu n || L 2 (n)3 IMloo + |K||l2(0) IIV^Hoo < c, 

it follows that 



lc 



'^u n -u n ^0 in 3>'(n). 



This convergence does not hold true when lnr n | converges to some positive constant. Under this 
critical regime, non-local effects appear (see Remark 4.4). 

Finally, as ln n does not depend on the X3 variable, we have 



ln„ du n 



d Is 



\u n \ dx 3 dx 3 \u n \ dx 3 \\u). 



rU n - U n + 



du 



dx 3 dx 3 



6 in^'(O). 



Fourth step: Derivation of the homogenized matrix. 
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We now study the limit of o"„(/i)Vu n in order to obtain cr*(h). We have 

01 ~dx[ ~~ ~dx~ 2 + ^ lh2 



dx 3 , 

(4.21) 

i i ln n du n tn n du n l n <9ri n 

+«2,n Wn I f « ft.n^ Wnh f « I" ft,n«2 W« 1 f o • 

\0J n \ OX\ \iO n \ OX 2 \U3 n \ OX3 

Hence, passing to the weak-* limit in J\A($1) this equality and using the linear system (4.19), 
a n (h)Vu n ■ e\ weakly-* converges in .M(f2) to 

du du du \ 

OLi- /3i/i3 o 1" Pxh-z-w— + oi 2 ii - /3 2 h 3 & + p2^2& 

OXl 0x2 OX3 J 

( t 1 a «>fu\\Y7 , Pihih 3 - a 2 p 2 h 2 „, P 2 h 2 h 3 + a 2 /3 2 hi 
-- (ai/ 3 + PxS (h))Vu • ei + a 2 2 R2h 2 6 - P2«3 2 2 6 + 

a 2 + "2 "3 Q 2 + ^2 % 

: ( ai J 3 + ^(fc))V«-ei 

QgCgffeifeg ~ a 2 f3 2 h 2 ) - /3 2 ^ 3 (/?I^2^3 + a 2 f3 2 hi) + P^M"! + fil^i) ^ 



that is 

a n (h)Vu n • ei — ^ (ai/ 3 + j3 x g(h))Vu ■ e\ weakly-* in M(£l). (4.22) 
The same calculus leads us to 

a n (h)Vu n ■ e 2 — >■ (ai/ 3 + p x £(h))Vu ■ e 2 weakly-* in M(Q). (4.23) 

We have, for the last direction e 3 , 

(du du du \ 

ai — Pih2-Q^- + P lfll ~Q^T J + a2 ^ 3 + ^2^26 - (3 2 hi6, 2 weakly-* in M(£l). 

Hence, again with the linear system (4.19), 

du du du \ 

ui q f3ih 2 - h fiihi- — + a 2 £ 3 - 2 h 2 Ci + /3 2 /h£ 2 

dx 3 dx\ 0x2 J 

( t , a , c a h Plhlhz -a 2 (3 2 h 2 P 2 h 2 h 3 + a 2 (3 2 hi 
= (ai/ 3 + P16 {h))\7u ■ e 3 + a 2 £ 3 - p 2 h 2 2 2 2 £ 3 + P2«i 2 ^ 2 , 2 

a 2 + P2 ""3 a 2 + ^2 "3 

Finally, by the previous equality, (4.22) and (4.23), we get that 

V a 2 + "2 ft 3 / 

□ 

Acknowledgments: The authors wish to thank the referees for suggestions which led to improvement. 



References 

[1] M. Bellieud and G. Bouchitte. Homogenization of elliptic problems in a fiber reinforced structure. 
Non local effects. Ann. Scuola Norm. Sup. Pisa, 4 (1998). 

[2] A. Bensoussan, J.-L. Lions, and G. C. Papanicolaou. Asymptotic analysis for periodic structures. 
North-Holland Pub. Co., Elsevier North-Holland, Amsterdam, New York, 1978. 



31 



[3] D. J. Bergman. Self- duality and the low field Hall effect in 2D and 3D metal-insulator composites. 
Percolation Structures and Processes, Annals of the Israel Physical Society, Vol. 5, G. Deutscher, 
R. Zallen, and J. Adler, eds., Israel Physical Society, Jerusalem, 1983, 297-321. 

[4] D. J. Bergman, X. Li, and Y. M. Strelniker. Macroscopic conductivity tensor of a three- 
dimensional composite with a one- or two-dimensional microstructure. Phys. Rev. B, 71 (2005), 
035120. 

[5] D. J. Bergman and Y. M. Strelniker. Magnetotransport in conducting composite films with a 
disordered columnar microstructure and an in-plane magnetic field. Phys. Rev. B, 60 (1999), 
13016-13027. 

[6] D. J. Bergman and Y. M. Strelniker. Strong-field magnetotransport of conducting composites 
with a columnar microstructure. Phys. Rev. B, 59 (1999), 2180-2198. 

[7] D. J. Bergman and Y. M. Strelniker. Duality transformation in a three dimensional conducting 
medium with two dimensional heterogeneity and an in-plane magnetic field. Phys. Rev. Lett., 
80 (1998), 3356-3359. 

[8] D. J. Bergman and Y. M. Strelniker. Exact relations between magnetoresistivity tensor com- 
ponents of conducting composites with a columnar microstructure. Phys. Rev. B, 61 (2000), 
6288-6297. 

[9] D. J. Bergman, Y.M. Strelniker, and A. K. Sarychev. Recent advances in strong field magneto- 
transport in a composite medium. Physica A, 241 (1997), 278 - 283. 

[10] M. Briane. Nonlocal effects in two-dimensional conductivity. Archive for Rational Mechanics 
and Analysis, 182 (2006), 255-267. 

[11] M. Briane. Homogenization of high-conductivity periodic problems: Application to a general 
distribution of one-directional fibers. SIAM Journal on Mathematical Analysis, 35 (1) (2003), 
33-60. 

[12] M. Briane. Homogenization of non-uniformly bounded operators: Critical barrier for nonlocal 
effects. Archive for Rational Mechanics and Analysis, 164 (2002), 73-101. 

[13] M. Briane and J. Casado-Dfaz. Asymptotic behaviour of equicoercive diffusion energies in 
dimension two. Calc. Var. Partial Differential Equations, 29 (2007), 455-479. 

[14] M. Briane and J. Casado-Dfaz. Two-dimensional div-curl results, application to the lack of 
nonlocal effects in homogenization. Com. Part. Diff. Equ., 32 (2007), 935-969. 

[15] M. Briane and J. Casado-Dfaz. Uniform convergence of sequences of solutions of two- 
dimensional linear elliptic equations with unbounded coefficients. Journal of Differential 
Equations, 245 (2008), 2038 - 2054. 

[16] M. Briane and D. Manceau. Duality results in the homogenization of two-dimensional high- 
contrast conductivities. Networks and Heterogeneous Media, 3 (2008), 509-522. 

[17] M. Briane, D. Manceau, and G. W. Milton. Homogenization of the two-dimensional hall effect. 
J. Math. Anal. Appl, 339 (2008), 1468-1484. 

[18] M. Briane and G. W. Milton. Giant hall effect in composites. Multiscale Model. Simul., 
32 (2009), 1405-1427. 

[19] M. Briane and G. W. Milton. An antisymmetric effective hall matrix. SIAM J. Appl. Math., 
70 (2010), 1810-1820. 



32 



[20] M. Briane and G. W. Milton. Homogenization of the three-dimensional hall effect and change 
of sign of the hall coefficient. Arch. Ratio. Mech. Anal, 193 (2009), 715-736. 

[21] M. Briane, G. Mokobodzki, and F. Murat. Semi-strong convergence of sequences satisfying a 
variational inequality. Annales de I'Institut Henri Poincare ( C) Non Linear Analysis, 25 (2008), 
121 - 133. 

[22] M. Briane and N. Tchou. Fibered microstructures for some nonlocal Dirichlet forms. Ann. Sc. 
Norm. Super. Pisa, CI. Sci., IV. Ser., 30 (2001), 681-711. 

[23] A. M. Dykhne. Conductivity of a two-dimensional two-phase system. A. Nauk. SSSR, 59 (1970), 
110-115. 

[24] V. N. Fenchenko and E. Ya. Khruslov. Asymptotic of solution of differential equations with 
strongly oscillating matrix of coefficients which does not satisfy the condition of uniform bound- 
edness. Dokl. AN Ukr.SSR, 4 (1981). 

[25] V. Girault and P. -A. Raviart. Finite Element Approximation of the Navier-Stokes Equations. 
Lecture Notes in Mathematics, ed. by A. Dold & B. Eckmann, Springer- Verlag, 749, Berlin 
Heidelberg New York, 1979. 

[26] Y. Grabovsky. An application of the general theory of exact relations to fiber-reinforced con- 
ducting composites with hall effect. Mechanics of Materials, 41 (2009), 456-462. The Special 
Issue in Honor of Graeme W. Milton. 

[27] Y. Grabovsky. Exact relations for effective conductivity of fiber-reinforced conducting compos- 
ites with the hall effect via a general theory. SI AM J. Math. Analysis, 41 (2009), 973-1024. 

[28] E. H. Hall. On a new action of the magnet on electric currents. Amer. J. Math., 2 (3) (1879), 
287-292. 

[29] V. V. Jikov, S. M. Kozlov, and O. A. Oleinik. Homogenization of Differential Operators and 
Integral Functionals. Springer- Verlag Telos, (1994). 

[30] J. B. Keller. A theorem on the conductivity of a composite medium. J. Mathematical Phys., 
5 (1964), 548-549. 

[31] E. Ya. Khruslov. Composite Media and Homogenization Theory, ed. by G. Dal Maso and 
G.F. Dell'Antonio, in Progress in Nonlinear Differential Equations and Their Applications, 
Birkhaiiser, 1991. 

[32] E. Ya. Khruslov and V.A. Marchenko. Homogenization of Partial Differential Equations. 
Progress in Mathematical Physics, 46, Birkhauser, Boston, 2006. 

[33] L. Landau and E. Lifshitz. Electrodynamique des Milieux Continus. Editions Mir, Moscow, 
1969. 

[34] G. W. Milton. Classical hall effect in two-dimensional composites: A characterization of the set 
of realizable effective conductivity tensors. Phys. Rev. B, 38 (1988), 11296-11303. 

[35] G. W. Milton. The Theory of Composites. Cambridge Monographs on Applied and 
Computational Mathematics, Cambridge University Press, Cambridge, UK, 2002. 

[36] S. Mortola and S. Steffe. Un problema di omogeneizzazione bidimensionale. Classe di Scienze 
Fisiche, Matematiche e Naturali, 78 (1985), 77. 

[37] F. Murat. H -convergence. Mimeographed notes, Seminaire d'Analyse Fonctionnelle et 
Numerique, Universite d'Alger, Algiers, 1978. (English translation in [38]). 



33 



[38] F. Murat and L. Tartar. H -convergence. Topics in the Mathematical Modelling of Composite 
Materials, Progr. Nonlinear Differential Equations Appl. 31, L. Cherkaev and R. V. Kohn, eds., 
Birkhaiiser, Boston, 1997. 

[39] M. A. Omar. Elementary Solid State Physics: Principles and Applications. World Student 
Series Edition, Addison-Wesley, Reading, MA, 1975. 

[40] S. Spagnolo. Sulla convergenza di soluzioni di equazioni paraboliche ed ellittiche. Ann. Scuola 
Norm. Sup. Pisa (3) 22 (1968), 571-597; errata, ibid. (3), 22 (1968), 673. 

[41] L. Tartar. Private communication to G.W. Milton. 



34 



